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Abstract- The results of a systematic experimental study 

of the subcritical behavior, supercritical forms of 

equilibrium and critical loads of cylindrical shells with a 

rectangular cutout of the lateral surface during transverse 

bending are presented. The hole was located in the 

compressed zone of the shell. Five series of models (243 

shells) were tested, for which the area and aspect ratio of 

the rectangular hole varied within wide limits. Models for 

research were made from special drawing paper, which 

has stable mechanical characteristics and high 

manufacturability of models. It is shown that despite the 

relatively low values of the elastic characteristics of this 

material in comparison with metals, the ratio of its yield 

strength to the modulus of elasticity is commensurate 

with these data for sheet stainless steel, which makes it 

possible to carry out large-scale experimental studies that 

are practically impossible to carry out on metal shells. It 

is indicated that the loss of stability of a cylindrical shell 

under conditions of transverse bending has its own 

characteristics due to the inhomogeneous stress state of 

the shell, both along the length and in the circumferential 

direction. In the zones of maximum normal compressive 

stresses, the forms of buckling are similar to the forms of 

buckling of the longitudinally compressed shell, and in 

the zones of maximum shear stresses, they are similar to 

the forms of buckling during torsion. The article presents 

and analyzes the test data of shells for holes of various 

areas and configurations (aspect ratios) of a rectangular 

hole elongated along the generatrix, in the circumferential 

direction and square. The results are presented in the 

form of pictures of buckling forms and graphs of the 

dependence of the critical transverse force on the aspect 

ratio for different areas of the hole.  
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1. INTRODUCTION 

Thin-walled cylindrical shells, which, according to 

design and technological requirements, often have holes 

(hatches) of various shapes and sizes, are widely used in 

rocket and space, aviation, oil refining, chemical and 

other industries. 

The presence of a hole in a smooth cylindrical shell 

leads to a significant change in the stress-strain state. 

Along with the main stress state, which arises in a shell 

without holes under the action of an external load, areas 

of local stress concentration arise around the holes. The 

location of such areas in the compressed zone of the shell 

often initiates first a local loss of stability with the 

formation of large deformations and a significant change 

in the stress field, and then a general loss of the bearing 

capacity of such a structural element. The change in the 

stress-strain state during loading, the appearance of forms 

(change in the surface geometry) of local and further 

general loss of stability are essentially nonlinear. At the 

same time, a reliable theoretical (numerical) 

determination of the value of the critical (breaking) load 

corresponding to the general loss of stability of the shell 

is often very difficult. This is due not only to the 

complexity of solving the corresponding nonlinear 

problem, but also to the fact that the calculations take into 

account the "idealized" input parameters of the shell with 

holes (initial imperfections in shape, size, properties, 

etc.), which cannot be provided in any the most perfect 

experiment, and even less so in a real design. 

Under these conditions, it is extremely important to 

carry out correctly staged experimental studies, which is 

associated, however, with significant logistical 

difficulties. These circumstances determine the relevance 

of experimental studies of this problem, since ensuring 

the stability and bearing capacity of such thin-walled 

shells under the action of various external loads on them 

is one of the most important engineering problems. 

One of the first articles devoted to experimental 

studies of the effect of holes on the stability of shells was 

the work of R. Tennyson [1], who studied longitudinally 

compressed cylindrical shells weakened in the middle by 

one circular hole of various diameters. The casings were 

made of epoxy by centrifugal casting. The work [2] 

presents the results of an experimental study of the 

stability of circular longitudinally compressed cylindrical 

shells, weakened in the middle by one circular cut under 

the action of axial compression, torsion, external pressure 

and a combination of these loads. The experiments were 

carried out on shells made of a triacetate film. 
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In the works of D.G. Starnes [3], the results of an 

experimental study of the effect of circular and 

rectangular cuts on the stability of thin cylindrical shells 

made of mylar polystyrene film under the action of axial 

compressive force, bending and torsion are discussed. 

In the monograph by V.I. Mossakovskiy, et al. [4] 

give a number of test results for the stability of shells 

made of sheet steel. For the first time, the possibility of 

studying thin-walled shells made of special drawing 

paper was shown by R.V. Rhode, E.E. Lundquist [5], and 

later V.M. Chebanov [6] and E.F. Prokopalo [7]. To date, 

there are a number of works devoted to the study of the 

stability of thin-walled shells under the action of various 

types of loading, among which the following should be 

noted [8-18]. 

Known results of experimental researches represent 

test data of only a relatively small quantity of shells 

models, taking into account their high material and 

technical costs. The shells were made from different 

materials and sizes, covered only a small range of hole 

parameters and were using different experimental 

technologies. Generalization and carrying out quantitative 

comparisons of the obtained results, taking into account 

the presence of a scale factor widely known in 

mechanics, is very problematic. 

The advantage of the results presented in the article is 

the use of cylindrical shell models of high identity and 

manufacturability. This made it possible to carry out 

systematic researches of a large number of models with a 

change in the studied parameter under the same. 

 
2. MODELS FOR TESTING 

In this work, GOST 597-73 “B” grade drawing paper 

was chosen as a material for making models. As the 

results of additional experimental studies have shown, 

this material has fairly stable mechanical characteristics, 

and most importantly, high manufacturability in the 

manufacture of models. The substantiation of the 

correctness of the use of such drawing paper for the 

manufacture of models of cylindrical shells is given in [5, 

6, 7, 11, 19], where it is shown that, despite the 

orthotropy of mechanical properties and the relatively 

low values of the elastic characteristics of paper in 

comparison with metals, the ratio of the yield strength of 

this material to the modulus elasticity (σТ/Е) comparable 

to these data for stainless steel sheet. 

This parameter is an important indicator of the quality 

of the research carried out, since the natural desire of the 

experimenter to study the stability of the shell before the 

loss of its strength, that is, in the elastic region, requires a 

decrease in its relative thickness δ/R (where δ is the wall 

thickness, and R is the radius of curvature of the shell), 

which leads to an increase in the influence (in comparison 

with δ) of the initial geometric imperfections and, as a 

consequence, to the leveling of the actual effect of a 

change in the investigated parameter on the shaping and 

quantitative parameters of stability loss.  

On the other hand, the desire to reduce the influence 

of such initial geometric imperfections of the shape by 

increasing the parameter δ/R lead to the appearance of 

plastic deformations, even before the loss of stability of 

the object of research. Based on this, the use of paper 

makes it possible to carry out large-scale experimental 

research, which is practically impossible to perform on 

metal shells. 

As a result of preliminary studies carried out both on 

flat samples and on shells using an electromechanical 

system, the main mechanical characteristics of the 

material were determined: elastic moduli Ex = 6.9×109 Pa, 

Ey = 3.45×109 Pa, G = 1.92×109 Pa, Poisson’s 

coefficients μx = 0.3, μy = 0.15. Here indices X, Y 

correspond to the main directions of paper orthotropy. 

The sheet thickness was h = 0.23×10-3 m. This value was 

practically unchanged for the corresponding batch of 

paper. Measurement of the sheet thickness was carried 

out using a dial indicator with a scale division of 10-6 m. 

For the manufacture of shells from a sheet of 

«Whatman» paper, rectangular blanks were cut so that 

their sides were parallel to the main directions of 

orthotropy. The Ex-direction always coincided with the 

direction of the forming shell, and Ey with its direction. A 

rectangular hole was cut out on the blanks using a special 

tool and templates, the contour lines of which coincided 

with the lines of curvature of the shell and which was 

located in the compressed zone diametrically opposite to 

the glue seam symmetrically relative to the middle cross 

section of the shell. The plane of action of the transverse 

force in all tests passed through the middle of the glue 

joint, which, therefore, was in the region of tensile 

stresses.  

The developed technology ensured the absence of 

visually noticeable permanent deformations in the area of 

the holes. Then the workpiece was glued on a metal 

cylinder with BF-2 glue. The width of the glue line was 

5×10-3 m. The inner radius of all models was 

R = 37.5×10-3 m, working length L = 75×10-3 m. The total 

length of the shell was taken as LF = 115×10-3 m. To 

ensure the possibility of uniform transfer of axial 

compressive forces to the shell, metal end devices with a 

circular cross-section with a diameter of d = 75×10-3 m 

were glued to its curved edges. The width of the glue was 

2×10-2 m. Such anchoring of the edges provided 

boundary conditions close to rigid pinching. 

 To research the influence and size of the rectangular 

hole and the configuration (aspect ratio) on the stability 

of the cantilever cylindrical shell during transverse 

bending, 5 series of models (243 pieces) of shells were 

manufactured and tested. For each series, the area of the 

F holes was as follows: 

I series - F = 4×10-4 m2;  

II series - F = 8×10-4 m2; 

III series - F = 12×10-4 m2; 

IV series - F = 16×10-4 m2;  

V series - F = 20×10-4 m2, and within the series constant. 

The change in the ratio of the sides (geometric 

dimensions) of rectangular holes for the shells of the 

tested series varied widely: from a/b = 0.04 to a/b = 10, 

where a, b are the sides of the rectangular hole along the 

arc of the shell and its generator, respectively. 
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Tests of such cylindrical shells on the action of 

transverse force were carried out using a special device, 

the schematic diagram of which is shown in Figure 1. The 

shell (1) with the lower end (2) was fixed to the massive 

horizontal plate (3). The load was carried out through a 

bracket (4) attached to the upper end (5). The bracket had 

a hole in which a flexible cable (7) was fixed, which 

passed further through the block (8) and served to 

transmit force from the loads (6) to the shell. Due to the 

block, no friction was achieved, as a result of which the 

forces in the horizontal and vertical directions of the 

cable were the same. After the shell was mounted and the 

bracket was installed in the desired position, with the help 

of standard weights of the second accuracy class (6) the 

step loading of the shell began to lose stability. 

 

 
 

Figure 1. Scheme of the transverse load of the shell with a hole 

 

3. RESEARCH RESULTS 

It should be noted that in the conditions of transverse 

bending the deformation of the shell has its own 

characteristics. In it there is an inhomogeneous stress 

state associated with the presence of both tangential and 

normal stresses, which are inhomogeneous in both length 

and arc of the shell. The corresponding form of loss of 

stability is determined by the ratio between the maximum 

values of these stresses and depends on the geometric 

parameters of the shell and the hole, as well as on 

(coordinates) the location of the zone on the surface. 

It is known [4, 10] that when normal stresses 

predominate in the shell, the form of buckling is the same 

as in longitudinal compression, and in the case when 

shear stresses play a decisive role, the form of buckling is 

similar to torsion. This feature is well evidenced by the 

experimentally obtained forms of buckling of continuous 

shells. 

In the zone of maximum normal compressive stresses, 

as a result of buckling, diamond-shaped dents were 

formed, which are characteristic of the buckling of a 

cylindrical shell under longitudinal compression. In the 

zones of maximum tangential stresses, elongated dents 

inclined to the shell axis were characteristic of shell 

buckling during torsion. 

  
 

Figure 2. Forms of loss of stability of a cylindrical shell with a 

longitudinally elongated along the axis (a/b <1) rectangular hole 

 with transverse bending 

 

When testing shells with unsupported rectangular 

holes with different aspect ratios, the following main 

features of the behavior of the shells were identified: 

For the case of shells with a rectangular hole placed in 

a compressed zone, elongated along the forming shell 

(a/b = 0.2-1.0), with increasing load, the larger sides of 

the hole were first bent outwards. With further loading, 

this curvature increased, and then these sides of the 

contour bent sharply inside the shell and there was a 

general loss of stability, which was accompanied by clap. 

The surface of the shell was covered with additional dents 

(Figure 2). 

 

  
 

Figure 3. Forms of loss of stability of a cylindrical shell with a 

rectangular hole, elongated in the circumferential direction (a/b>1) with 

transverse bending 

 

In the case (Figure 3), when the hole was extended 

along the arc of the shell (a/b = 1.1-10), with increasing 

load in the area of the hole there was a barely visible 

increase in bending deformations. Then local dents 

formed in the area of the hole.  

In this case, the local loss of stability of the shell near 

the edges of the hole occurred due to the development of 

precritical bending deformations. With further loading, 

the area of the dents increased slightly, their nodal lines 

gained a slope and then there was a general loss of 

stability with the formation of a series of bulges. With the 

loss of stability of the shell with square holes with 

increasing load at first near the holes (in the corner zones) 
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smoothly, or accompanied by “soft” clap, local dents 

appeared, which further developed and at some point, 

there was a general loss of stability of the shell, 

accompanied by a “sharp” clap with the formation of 

diamond-shaped dents characteristic of axial 

compression, which indicated that normal stresses were 

predominant in this case Figure 4(a). In the lateral zones, 

where the maximum tangential stresses took place, 

inclined waves were formed Figure 4(b), resembling the 

forms of loss of torsion stability.  
 

  
 

(a)          (b) 
 

Figure 4. Typical forms of loss of stability of a cylindrical shell with 

square (a/b=1) holes in transverse bending 

 

The nature of the supercritical equilibrium forms for 

the tested shells was as follows. When testing continuous 

shells, 11 dents were formed on their surface. For hole 

shells, the number of dents decreased with increasing 

hole area. Thus, for the case when the hole was quite 

significant (a/b = 0.2-0.5), stretched along the forming 

number of dents for the shells of the 1st series was 10 

dents, for the 2nd and 3rd series, 9 dents, for the 4th and 

5th series, 8 dents. 

When the ratio of the sides was a/b = 0.6-1.67, the 

loss of stability of the shells of the 1st series occurred, as 

a rule, with the formation of 8 dents, the 2nd and 3rd 

series of the 7th dents, 4th and 5th series of 6 dents. 

When the hole was extended in the transverse direction of 

the shell (a/b = 2.5-10), the dents grew faster, but their 

number was smaller. Thus, for the 1st and 2nd series, loss 

of stability occurred with the formation of 6 dents, for the 

3rd and 4th series, 5 dents, and for the 5th series, 4 dents.  

In Figure 5 presents the results of tests of shells in the 

form of the dependence of the relative critical load 
o

cri cri criQ Q Q=  on the ratio a/b of the sides of a 

rectangular hole for shells with different hole sizes, where 

the symbol „○” indicates data for shells with hole 

F = 4×10-4 m2, „●”– F = 8×10-4 m2, „∆” –F = 12×10-4 m2,  

„■” – F = 16×10-4 m2, „□”– F = 20×10-4 m2, respectively, 

for series I-V. 

Here, 
o
criQ , criQ  the critical forces of loss of stability 

of the shell without a hole and in the presence of a hole, 

respectively criQ  = 112 N, and the total area of the side 

surface of the shell is 314×10-4 m2. All dependencies 

have a qualitatively similar nature of change. 

 
 

Figure 5. Dependence of the reduced critical transverse 

force criQ on the shape of a rectangular hole of different area 

(Series I-V) 

 

The obtained results are characterized by a general 

tendency to decrease the magnitude of the critical loads 

with increasing hole area and with a change in its 

configuration (increasing a/b). It is also noteworthy that 

for the shells of all series, the critical loads reach their 

maximum values for the ratio of the sides of the hole 

a/b = 0.6 and a/b = 1.1 (Figure 5). In this case, for 

example, for shells of the first series, the presence of a 

hole F = 4×10-4 m2 for this ratio of the parties leads to a 

decrease in bearing capacity by only 2-4 % compared to a 

solid shell. 

In the area a/b = 0.6-1.1 there is a slight (about 9 %) 

decrease in the critical load, which is achieved at a/b = 1, 

i.e., for the case of a square hole. This, obtained for all 

tested series, the non-uniformity of dependents the 

critical load on the ratio of the sides of the hole in this 

range of the ratio a/b can obviously be explained by the 

above “game” of normal and tangential stresses, also due 

to the presence of a stress concentrator and, as a 

consequence, wave formation around the hole. 

The experimental results of tests of cylindrical shells 

with one rectangular hole of various areas and 

configurations presented in the article in the form of 

values of the critical buckling force criQ  and waveforms 

can be useful for testing software tools for numerical 

analysis of the behavior of such structural elements. The 

point is that, the considered stability problems are 

essentially geometrically nonlinear. Large displacements 

of the shell surface develop in the process of loss of 

bearing capacity, initially in the form of a local and then a 

general loss of stability. This problem is even more 

complicated due to the presence of hole as stress 

concentrator. In this case, the zones of convexity 

(concavity) of the surface of wave formation in the 

process of transition from local to general loss of stability 

can change places (this is the phenomenon of branching 

of solutions of nonlinear equations). Such a case of loss 

of stability of the shell was observed in the experiments 

carried out in the presence of holes а/b = 0.2÷1.0. The 

investigation of such problems by numerical simulation 

methods requires great engineering skill. 
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4. CONCLUSIONS 

The article presents the results of experimental studies 

of the influence of a rectangular hole of different area (5 

series) located in the compressed zone and the aspect 

ratio on the critical force of loss of stability of cylindrical 

shells under the action of transverse bending. 

Estimation of scatter in tests of identical models 

testifies to high stability of experimental results. Most 

scatter did not exceed 3-5%. 

It is established that the number of waves decreases 

with increasing hole area and in the case when the hole is 

extended along the arc of the shell. 

It is established that the appearance on the shell of a 

narrow longitudinal hole (a/b = 0.04) of different areas 

reduces the bearing capacity by 12-35%, and the 

appearance of a narrow transverse hole (a/b = 10) for the 

same values of areas - already in range from 20% to 70%. 

Thus, the appearance of a cross-section (or crack) in the 

shell is significantly more dangerous for the loss of 

bearing capacity of the shell than the same section (or 

crack) in the longitudinal direction. The results obtained 

can be useful in the design of structures containing 

cylindrical shells with holes, as well as in predicting the 

residual bearing capacity of such structural elements that 

have received damage. 

 

REFERENCES 

[1] R. Tennyson, “The Effects of Unreinforced Circular 

Cutouts on the Buckling of Circular Shells Under Axial 

Compression”, Trans. ASME. Vol. 90, No. 4, pp. 541-

546, 1968. 

[2] Y. Konoplev, A. Tilsh, “Stability of Cylindrical Shells 

with Cutouts Under Axial Compression, Torsion and 

External Pressure”, Theory of Plates and Shells, Issue 3, 

pp. 3-13, 1973. 

[3] D. Starnes, “Influence of Cutouts on the Stability of 

Thin Shells. Thin-Walled Shell Structures”, Theory, 

Experiment and Design (translated from English)”, pp. 

303-319, 1980. 

[4] V. Mossakovskiy, L. Manevich, A. Miltsin, 

“Modeling the Bearing Capacity of Cylindrical Shells: 

Monograph”, Naukova Dumka, Kyiv, Ukraine, 1977. 

[5] R. Rhode, “Strength Tests on Paper Cylinders in 

Compression Bending and Shear”, NASA, Techn. Notc, 

Vol. 370, 1931. 

[6] V. Chebanov, “Investigation of the Stability of Thin-

Walled Shells Using Paper Models. Engineering 

Collection”, Institute of Mechanics of the Academy of 

Sciences of the USSR, Vol. XXII, pp. 68-73, 1955. 

[7] V. Gudramovich, P.A. Dzyuba, E.F. Prokopalo, 

“Stability of Smooth Cylindrical Shells Weakened by 

Circular Holes in Transverse Bending”, Theoretical and 

Applied Mechanics, Vol. 43, pp. 82-87, 2007. 

[8] Y. Ashmarin, A.N. Guz, “Stability of Shells 

Weakened by Holes”, Review Appl. Mechanics, Vol. 9, 

No. 4, pp. 3-15, 1973. 

[9] I. Chernyshenko, S. Komarchuk, V. Maksimov, E. 

Stotozhuk, “Simulation of the Non-Linear Deformation 

of Osthotropic Cylindrical Shells with a Hole with 

Consideration of the Eccentricity of its Fixation”, Reports 

NAS Ukraine, No. 1, pp. 34-40, Ukraine, 2016. 

[10] A. Guz, I.S. Chernyshenko, V.N. Chekhov, et al., 

“Methods for Calculating Shells”, 5 Volumes. Vol. 1 

Theory of Shells Weakened by Holes, Naukova Dumka, 

Kyiv, Ukraine, 1980. 

[11] A. Dzyuba, E. Prokopalo, P. Dzyuba, “Experimental 

Investigation on the Torsional Stability of Cylindrical 

Shells Weakened be Circular Holes”, Journal Strength of 

Materials, Vol. 49, No. 6, pp. 829-837, 2017. 

[12] P. Dzyuba, “Experimental Research of the Stability 

of Longitudinally Compressed Cylindrical Shells 

Weakened by Circular Holes”, Problems of 

Computational Mechanics and Strength of Structures, 

Collect of Scient, Articles, Vol. 32, p. 172, 2020. 

[13] R. Kamalarajah, W. Stoffberg, W. Bull, M. Chizari, 

“Stress Analysis of Uniform Circular Cylindrical Shells 

with Large Circular Holes”, The World Congress on 

Engineering, pp. 1169-1172, 2015. 

[14] O. Lykhachova, V. Krasovsky, “Numerical 

Simulation of Buckling Tests of Axially Compressed 

Cylindrical Shells with one Circular Cutout (R. 

Tennyson’s Experiments)”, Theoretical Foundations of 

Civil Engineering, No. 22, pp. 133-136, 2014. 

[15] V. Maksimyuk, A. Storozhuk, I. Chernyshenko, 

“Nonlinear Deformation of Thin Isotropic and 

Orthotropic Shells of Revolution with Reinforced Holes 

and Rigid Inclusions”, Int. Appl. Mech., Vol. 49, No. 6, 

pp. 685-692, 2013. 

[16] V. Salo, V. Kornienko, “Stress State Analysis of an 

Elastic Shell with a Periodic System of Circular Holes, 

Issues of Design and Production of Flying Vehicles”, 

Issue 1, pp. 76-82, 2011. 

[17] P. Stasiewics, “Analytical and Experimental Studies 

of Stability of Cylindrical Shells with a Cut–Out”, 

Mechanics and Mechanical Engineering, Vol. 17, No. 2, 

pp. 167-176, 2013. 

[18] D. Wang, Z. Cao, “Stability of Thin–Walled 

Cylindrical Shells under Combined Loading of Overall 

and Local Axial Compression Considering Weld 

Geometrical Imperfection”, Engineering Mechanics, 

Vol. 26, No. 8, pp. 65-73, 2009. 

[19] J.M. Tabatabaei, “Vibrations of Longitudinally 

Stiffened Elastic Medium Contacting Cylindrical Shells”, 

Transactions of Azerbaijan NAS, Issue mechanics, Vol. 

XLII, No. 7, pp. 36-42, 2022. 

 

BIOGRAPHIES 

 

Anatolyi Petrovych Dzyuba was born 

in Romny, Ukraine, on November, 30, 

1948. He graduated from 

Dnepropetrovsk State University, 

Ukraine, with a degree in Mechanics, 

1971. He received Doctor of Technical 

Science in Deformed Solid Mechanics, 

2004. He also received a Professor's degree in 2006. He 

was the Head of the Calculating Mechanics and 

Structural Strength Department in 1994-2016, a Professor 

of Theoretical and Computational Mechanics Department 



International Journal on “Technical and Physical Problems of Engineering” (IJTPE), Iss. 52, Vol. 14, No. 3, Sep. 2022 

 99 

in 2016, Chief of Problematic Research Laboratory of 

Strength and Reliability of Constructions in Oles 

Honchar Dnipro National University, Dnipro, Ukraine. 

He has 390 scientific publications, among which 189 

articles, 12 monographies, 27 patents and certificates of 

inventions. He is Honored Worker of Science and 

Engendering of Ukraine. 

 

Petr Anatolyevych Dzyuba was born 

in Dnipro, Ukraine, on January 22, 

1982. He received his Master of Science 

degree from Oles Honchar Dnipro 

National University, Dnipro, Ukraine in 

2004. He also received the Ph.D. in the 

specialty "Mechanic" in 2012. Since 2015, 

he works as an Associate Professor at Computer 

Technologies Department of Applied Mathematics 

Faculty, Oles Honchar Dnipro National University. He 

published 27 articles and one monograph. His research 

interests include solid mechanics, thin-walled shell 

structures, computer technology. 

 

Ramiz Aziz Iskanderov was born in 

Krasnoselo, Armenia on July 7, 1955. He 

received the M.Sc. degree in 

Mathematics-Mechanics from 

Azerbaijan (Baku) State University, 

Baku, Azerbaijan, in 1977. He also 

received the Ph.D. degree in 

Mathematics-Mechanics from Azerbaijan University of 

Architecture and Construction, Baku, Azerbaijan, in 

1983. He is a Professor in the field of Mathematics- 

Mechanics in Department of Theoretical Mechanics, 

Azerbaijan University of Architecture and Construction 

since 1983. He has published 90 papers and three books. 

His scientific interests are theoretical mechanics, solid-

state mechanics and mechanics of composite materials.  

  


