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Abstract- The significant success has been achieved in the 

development of the theoretical and applied directions of 

the elastic object’s mechanics. At the same time, the 

arising problems with the development of modern 

technology in the oil and chemical industries, requires 

further important expansion of research, raise a number of 

new important and difficult problems. Herewith, on the 

one hand, the improvement and further development of 

applied methods for solving the main seal problems and, 

on the other hand, a noticeable expansion of the considered 

problems class, complete taking into account the specific 

nature of the various geometries (shapes) of sealing rings 

and interactions having an importance value for practice, 

there are still many undeveloped problems, important both 

in scientific and applied terms. These include: 

development of practical applied methods for calculating 

sealing rings, weakened by holes of the oscillation sealing 

rings under the influence of external pressure, further 

development of the oscillation’s theory and dynamic 

stability of the sealing rings. 

 

Keywords: Downhole Seal, Round Ring, Oscillation, 

Elastic Deformation, Elastic-Plastic Deformation, 

Frequency. 

 

1. INTRODUCTION 

In the oil and gas industry, an elastically fixed sealing 

element (rubber) is often used in oil and gas well 

equipment for sealing, so the study of the dynamic 

behavior of this element is of practical interest. Sealants 

are widely used to connect various types of X-mas tree 

assemblies and ensure the tightness of assemblies in parts 

that ensure tightness. Since the main components of the X-

mas tree are plug valves, direct-flow valves, adjustable 

throttles and their flanged connections between metal 

surfaces by means of sealing joints, the performance of the 

seals will be included in his performance criterion. 

The durability and effective wear resistance of the 

sealing elements used in the flanged connections of the X-

mas tree and its parts and assemblies directly depend on its 

correct installation in the socket. That is, the geometrical 

dimensions of the seat of the seal must be designed in 

accordance with its own geometrical dimensions. One of 

the important issues here is to ensure the absence of 

“leaks” in the area of the hermetic connection in 

accordance with the requirements for seals, ensuring 

operational reliability and durability. By choosing the seal 

design in accordance with the design, operating parameters 

and required properties of the housing in which it is 

installed, its performance can be increased many times 

over. To select the structural parameters of the seal in 

accordance with the required properties, it is necessary to 

study its deformation state and adapt the results obtained 

to the required properties within the criteria. 

Making the necessary design decisions to improve the 

efficiency of X-mas’ trees and connecting structures used 

during their installation. This will increase their visibility 

and make them easier to use. Valves in the process of 

designing in this direction and one of the important issues 

is to ensure that the cranes are properly supplied with 

materials in accordance with their working conditions. 

Behind the metal-metal surface in the installed grooves of 

the key parts of the connecting structures, between the 

joints and at the ends sealing is carried out directly with 

elastomer sealants. The seals are mainly made of rubber 

material. Has various designs with preparation. 

Connecting structures are mainly round, rectangular, 

trapezoidal, triangular and Y-shaped sealing rings are 

used. Round cone and Y seals are the most commonly used 

seals (Figures 1 and 2). 

These seals are used to create a complete tightness 

between metal surfaces, as well as behind and in the 

groove of threaded connections developed. The most 

popular sealant, widely used in the sealing of assemblies 

and the construction of machines and equipment, is a 

round section rings. API O-Ring Materials: Nitrile (NBR 

or Bugun-N), Silicone (VMQ), Fluorocarbon (Viton, 

FKM), Perfluoro elastomer (Kalrez, FFKM), Fluor silicon 

(FVMQ), Ethylene Propylene (EPM, EPDM, EP, EPR), 

Neoprene (CR, Chloroprene), Polyurethane (AU, EU). 

Round cone seals are standardized according to 

specifications. 

 

 
 

Figure 1. Wear marks on the rubber material 



International Journal on “Technical and Physical Problems of Engineering” (IJTPE), Iss. 52, Vol. 14, No. 3, Sep. 2022 

9 

 
 

Figure 2. Seal of rubber material 

 

The main task in sealing systems is to determine the 

criteria, which is the selection of the parameters of sealing 

parts that perform the required technical functions. Two or 

more contact zones of the equipment, sealed with elastic 

materials (seals), must be provided with such contact 

stresses or deformations to compensate for the tightness of 

the connection. To create the required tightness according 

to the required characteristics (pressure, temperature, 

speed, etc.), such a level of deformation must be created in 

the elastic sealing material in this contact zone so that the 

contact stress is maintained at the required level at this 

moment and during the working process. Here, the first 

task is elastic reporting, and the second is the study of the 

stress relaxation process. To this end, the main direction of 

research is to study the functionality of the structural 

potentials of the seals that meet the requirements, and to 

determine the exact stress values in the seals, which play 

the role of intermediate seals. 

The significant success has been achieved in the 

development of the theoretical and applied directions of 

the elastic object’s mechanics. At the same time, the 

arising problems with the development of modern 

technology in the oil and chemical industries, requires 

further important expansion of research, raise a number of 

new important and difficult problems [16, 17]. Herewith, 

on the one hand, the improvement and further development 

of applied methods for solving the main seal problems and, 

on the other hand, a noticeable expansion of the considered 

problems class, complete taking into account the specific 

nature of the various geometries (shapes) of sealing rings 

and interactions having an importance value for practice, 

there are still many undeveloped problems, important both 

in scientific and applied terms. These include: 

development of practical applied methods for calculating 

sealing rings, weakened by holes of the oscillation sealing 

rings under the influence of external pressure, further 

development of the oscillation’s theory and dynamic 

stability of the sealing rings. 

One of the issues is to ensure maximum tightness of 

elastic elements in the nest. The most general case of 

elastic fastening can be reflected with help of boundary 

conditions: 

2 22

W
M W

r
 


− = +


 (1) 

where, F and M are accordingly the shearing force and the 

bending moment at the edge of the sealing element; W and 

W

r


−


 are deflection (deformation) and angle of the edge 

rotation; and ,i ja  is coefficient of fastening elasticity. 

In the axisymmetric case, which we will research for 

F2 great concreteness of the obtained results, we have [1]: 
2

2

2
;  F D W M D

r r rr

    
= −  = − +     

 (2) 

the equation of the sealing element motion under the action 

of an external pressure 0
i tP l −  in the form [1]: 

2 2 2
0D W Ph w P   −  =  (3) 

 

2. METHODS FOR SOLVING THE STATED 

PROBLEM 

We will write in the sum form of a particular solution 

of the inhomogeneous equation and the general solution of 

the homogeneous equation [1, 5]: 

0
02

P
W P

h W 
= − =  (4)                                                    

where, k is the wavenumber of bending waves, defined by 

[2, 4, 6]. 

24 /k h D =                                                             (5)                                                         

Taking into account that the Bessel functions J0(kr) and 

I0(kr) are the eigen functions of the operators: 

( ) ( ) ( ) ( )2 2 2 2
0 00,  0r k J kr k I kr +  =  −  =  (6)                                       

We write the values of F and M in the form: 

( ) ( )( )3 3
0 0F ADk I kr BDk I kr= −  

( ) ( )

( ) ( )

2
0 0

2
0 0

1

1

M D k A J kr J kr
kr

Dk B I kr I kr
kr





− 
= +  + 

 

− 
+ − +  

 

 (7) 

Using the boundary conditions (1), we obtain the 

following system of algebraic Equation: 

( ) ( ) 
( ) ( ) 

3
11 0 0 12

3
11 0 12

0 21

2

A J kR I kR Dk k

BA J kR I kR Dk k

P

h

 

 



 

 + + +
 

 + + − + =
 

=

 (8) 

Thus, the solution of the problem is obtained in closed 

form without any expansions in eigen functions:  

( )
( ) ( )1 0 2 00

2
, 1

iat J kR I kRP e
W r t

h 

−  +   
=  − + 

  
 

where, 

( ) ( ) 

( ) ( ) 

( ) 

( )

1

3
11 11 0 0 21

2
22 0 21 22

2

3
11 0 21 11

2 2
21 0 0 22 21

;
1

1

J kR I kR Dk k

J kR Dk I kR k Dk
kR

J kR Dk k

Dk J kR I kR k Dk
kR

  


  

  


  

 =

 + +
 

=
−  − + +   

 =

 +
 

=
 −   + − + +      

 (9) 
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Now we have the opportunity to study various special 

cases of elastic fastening of the circular sealing element 

edge, which are most often found in engineering practice 

12 21 0; = =  22 ; =   11
0

0 lim
x


→

    (10)                                                                                                                                                  

It is easy to see that the compliance of the support in 

this case is connected with the shearing forces.  Another 

possible case of elastic pinching, which we will call the 

second type of fixation, is expressed by the conditions: 

12 21 0; = =  11 ; =   220     (11)                                                                                

In this case, the compliance of the supports is related to 

the bending moment. The stiffness coefficients of the 

sealing element can be expressed through their mechanical 

and geometric parameters in a known manner [15]: 

First, we consider an elastic fastening of the first kind. 

For 12 21 0 = =  and 22 =   the solution can be 

represented in the form; 

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0

2

0 0 0 0

2

0 0 0 0 0 0
11

,

1
2

i tP e
W r t

h

I kR J kR I kR J kR

Dk
I kR J kR I kR J kR I J



 



−

= 

 
 

− 
 − + 
 − +
 
 

 (12) 

 

For strength calculations the value of the reaction 

force, arising in elastic fastening introduces a special 

interest. In accordance with the boundary conditions, this 

quantity is, 

( )11 ,F W R t= −  (13)                                                                                     

After the transformations, we obtain      

( )

( )

( )

( )

( )

( )

( )

( )

0 11

2

0 0

0 0

3
0 0

0 0

1
2

i tP e
F

h

I kR J kR

I kR I kR

J kR J kR Dk

I kR I kR



 



−

= − 

 
− 

 
 − + 
 − +
 
 

 (14)                                                             

This ratio can be written in a dimensionless form 

( )
( )

( )

( )

( )
0 0 4

0 0

ED
f

I I

J J


 =
  

−  + 
  

 (15)                                  

where, ( )
4

0 11

ED
f

P R
 =  is a dimensionless quantity 

characterizing the strength of the reactions; kR =  is 

dimensionless excitation frequency and 

3
11

2

R

D


 =  is 

dimensionless stiffness parameter of the support. 

 

3. ANALYSIS OF RESULTS 

A particular dependence of the quantity modulus f() 

gives a resonance curve; reverse value f() has a 

transmitting character in strength.  

We explore in detail the frequency dependence of f() 

for various parameters characterizing their fixation 

rigidity. An important feature of this type of boundary 

conditions is the appearance of a low-frequency resonance, 

caused by the compliance of the support. However, as the 

rigidity of the fastening increases, this resonant frequency 

increases, reaching, at  →   the lower frequency of the 

clamped disk. The physical appearance of low-frequency 

resonance can be explained by the existence of a special 

oscillation shape at which the deformations of the disk are 

small, and it oscillates almost like a rigid mass, and the 

elasticity of the system is due to the compliance of the 

sealing element. If the support is sufficiently soft, then for 

low frequencies the expansion. 

( )

( )

( )

( )
0 0

0 0

2 2 4J J

I I

 
− = − − = −

    
 (16)                                                  

This implies that the dimensional record of the reaction 

force will have the form 

0

2

11

2 e

2

i tP R
F

hR



 



−

=  (17)                                                                               

This formula corresponds to the elastic oscillations of 

a solid disk on a sufficiently compliant spring, which is 

confirmed by previous arguments. Finally, we`ll analyze 

the overall frequency characteristics of the system. It is 

convenient to consider the case of small ( )1   and the 

case of large 1   those the case of small and high 

stiffness of the seal. It is interesting to note here that the 

resonances alternate with the anti-resonances whose 

position does not depend on the rigidity parameter 

Indeed, the denominator turns to infinity only at frequency 

values, when, 

( )0 0;  ;  1, 2,3...kI k =  = =  

At these values, the frequencies ( ) 0f  = and are anti-

resonances. The values of the dimensionless frequency k  

at which 0F =  are given; 

 
Table 1. The values of the dimensionless frequency 𝜇𝐾 [14, 15] 

 

K 1 2 3 4 5 6 7 8 9 

k  3.832 7.016 10.17 13.32 16.47 19.61 22.76 25.90 29.05 

 

Resonances of the system are determined by a complex 

transcendental Equation. 

 
( )

( )

( )

( )

2
0 0

0 0

J J

I I 

  
− = −

 
 (18) 

The solution of this Equation depends essentially on 

the parameter  . If   is small, then the first resonance 

is very low-frequency and can be found by expanding the 

Bessel functions into series. Thus, we obtain 
4 4 =  (19)                                            

The remaining roots of this Equation can also be found, 

since at small  the resonances are very close to the anti-

resonances and can be found by the formula: 
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k k k  = +  

where, 1;  k k k   , the value of the anti-

resonances given in the table. From the approximate 

formulas and from the correct calculation it is seen that the 

natural frequencies increase asymptotically approaching 

the corresponding frequencies of the clamped disk. 

Another practically possible variant of the elastic fastening 

of the edge is the fixation, when the boundary conditions 

are satisfied. 

22 22;  0rM W − =   (20)                                                      

It can be obtained from the general case by passage to 

the limit, taking 

12 21 1 220;  ;  0T   = = =      (21)                             

and substituting in (1) 

( ) ( )

( ) ( ) ( ) ( )

0

2

1 0 2 0

2

0 0 0 0 0
11

,

1
2

i tP e
W r t

h

V kR J kR

Dk
I kR J kR I kR J kR I J



 



− 
=   

 

 
 

 +  
 − + 
 − + 
 
 

  (22)                 

where,                                                                                                    

 

( )
( )

( )

( )
( )

( )

( ) ( ) ( ) ( )

( )
( ) ( )

1 0 22 2 0

2
2 0 22 0

3 0 0 0 0

2
22 0 0

1

1

1
2

D
I kR k Dk J kR

R

D
J kR k Dk J kR

R

J kR I kR I kR J kR

D
k J kR I kR Dk

R










− 
 =  + − 

 

− 
 = − + − 

 

 = − −   

− 
 + −  
 

   (23) 

where, the characteristic value of the determining reactive 

bending moment in the pinch is the angle of rotation of the 

section in the seal. This value is dimensionless, therefore, 

the dimensionless parameters introduced will be: 

( );  ;  
W

r R kR
r




= =   =


 (24) 

3
022

0

1
;  

2 2 2

P RR

D D

 
 

−
= − + =  

Thus, we obtain 

( )

( )

( )

( )

( )

( )

( )

( )

( )

0 0
0

0 0

0 02

0 0

J I

I J

I I

J J







  
+    

 =
  

 +    

 (25) 

A feature of this particular characteristic is that there is 

no low-frequency resonance even with a small value of the 

solid parameter. 

This circumstance reflects the mechanical meaning of 

the boundary condition (21), related with deformation of 

the sealant. The fact is that the boundary conditions are 

formulated in such a way that no oscillations are possible 

without its bending, and consequently the rigidity of the 

fastening cannot be a source of a special self-form of 

oscillation, in which the sealer moves like a rigid disk.  

In other words, this circumstance can be reflected as 

follows. For separate values of the elasticity parameter, 

i.e., for 
1

2

i


−
= −  and for  =   are accordingly, under 

the condition of free support and rigid pinching conditions.  

Although the first case is much low-frequency second, 

nevertheless the lowest frequency does not drop to zero, as 

in the previous case, in this case, the anti-resonances are 

determined by the Equations (26) and (27). 

( )

( )

( )

( )
0 0

0 0

I I

J J

 
+

 
 (26) 

and resonances, 

( )

( )

( )

( )
0 0

0 0

I I

J J

 
−

 
 (27) 

The correct solution of this frequency equation, in 

which the value of the first resonance is represented as a 

function of the stiffness parameter of fixation 𝛾. It is 

important to note that the dimensionless elastic-fixing 

parameter 22 / 2R D  adds additive to the parameter 

( )1 / 2,− which characterizes the sealant material. 

Consequently, the parameter 

22 1

2 2

R

D

 


− 
= − + 

 
 (28)                                     

Can take both positive (for small 22 ) and negative 

values. This shows that with free support, the quantity 

(1 ) / 2−  forms, as it were, an additional elasticity due to 

the antiplastic effect. 

The most interesting, but very difficult for research 

because of the greater number of parameters affecting the 

frequency characteristics is the general case, taking into 

account the compliance of the support at the same time to 

displacement and to bending. 

We consider the elastic fastening variant, which is 

described by the following boundary conditions: 

11F W=  (29)                                                                     

22

W
M

r



− =


 (30)        

( )
( ) ( )1 0 2 00

2
, 1

i t I kR J kRP e
W r t

h



 

−  +   
= − + 

  
 (31) 

( )
( ) ( )

( )
( ) ( )

11

2
1 22 0 0

11

2
2 22 0 0

1

0

1

0

D
k I kR Dk J kR

R

D
k I kR Dk J kR

R











− 
 = +  −  

 

− 
 = +  +  

 

 (32) 



International Journal on “Technical and Physical Problems of Engineering” (IJTPE), Iss. 52, Vol. 14, No. 3, Sep. 2022 

12 

( ) ( ) ( ) ( )

( )
( ) ( )

( )
( )

( )

3 3
11 0 11 0

2
21 0 0

2
0 22 0

;

1

1

J kR Dk kR J kR Dk kR

D
k J kR Dk J kR

R

D
Dk J kR k I kR

R

 







+ −

− 
 = +  − 

 

− 
− + +  

 

 (32) 

As can be seen, in this case the frequency response 

depends on three dimensionless parameters, , . The 

problem becomes simpler if we confine ourselves to 

investigating only the natural frequencies, which are 

functions of only two parameters characterizing the 

compliance of the fastening. The equation of frequency is 

written in dimensionless form: 

( )

( )

( )

( )

( )

( )

2 3
0 0 0

0 0 0

I I I

J J J

 

 

     
−  + −  −  

       

 (33) 

In this case, there is a characteristic low frequency, 

which can be low if the parameter  is small. It is for small 

 that the solution of the frequency equation can be 

represented in the form: 

4
1

4
4






  +
 =  

+ 
 (34) 

 

4. CONCLUSIONS 

1. Studies of rubber seals of fasteners have shown that 

sealants sometimes break down tirelessly. Studies have 

shown that this is due to physical resonances caused by 

dynamic forces. 

2. With the dynamic behavior of a circular borehole seal 

under the influence of external pressure, a low frequency 

physical resonance arises due to a special form of 

oscillation. 

3. Preliminary consideration of resonant efficiency in the 

design of elastic elements will increase their longevity.                                                             
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