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Abstract- The load resistance and longevity of seals used 
in oilfield equipment are directly dependent on their 
structural design, material, and seating angles in their 
sockets. For extraction rod pump units and connecting of 
fountain fittings, equipment’s validity depends on these 
nodes. The reliability of hydraulic cylinders used in oil 
mining depends on the reliability of its conditioners. For 
this reason, those conical layers are widely used in oilfield 
equipment. The main issue in this application is the 
placement and increasing of reliability as an urgent issue 
facing of modern science. 
 
Keywords: Cylindrical Seals, Conical Seals, Buckling, 
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1. INTRODUCTION 
Conical stabilizers are damaged due to amplitude-

frequency loads of the variable force arising from the 
vibrations. As a result of these loads, vibration modes 
appear. Under these modes, the structure cracks and fails 
due to fatigue. An increase in ambient temperature 
accelerates this degradation and causes equipment failure. 
Under different amplitudes of the circumferential stresses 
generated in the conical shapers, the propagation 
mechanism inside the shaper has not been deeply studied 
so far. With above-mentioned, measurement regarding 
vibration frequency about circumferential stress generated 
within cross-section concerning conical conditioners 
under dimensionless temperature parameters was 
proposed. 

Cylindrical rubbers are used in various equipment to 
perform molding works. Mainly, they are widely used in 
connecting and regulating valves. Elements of different 
shapes are used to provide the effect of molding with 

rubber elements. These include rectangular, triangular, 
circular, conical and cylindrical shapes. 

Among the mentioned forms, the issues of capacity of 
cylindrical and conical rubber molds have not been 
considered in depth. But they have a great role in creating 
a sloppy effect in special structural valves. From this point 
of view, the research work is devoted to the study of the 
functionality of conical and cylindrical fasteners used in 
connecting and regulating structures [1, 13, 14]. 

 

2. METHODS FOR SOLVING THE STATED 
PROBLEM 

Consider conical seal loaded with internal pressure P 
at temperature T. We apply the coordinate system S,  on 
the middle surface of the seal as shown in the Figure [4]. 
For identifying the impact of pressure and temperature 
along natural frequencies of oscillations of such a form of 
seal, we write differential equations of equilibrium, taking 
into account the change inside geometry appropriate to 
form regarding seal in consonance with the result of 
deformation. The equilibrium equations for an element of 
a deformed conical seal design have the form [1]. 

 

 
 

Figure 1. Calculation scheme for the stressed-deformed state  
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where, in the Equation (1): 11 22 11 22 12 21, , , , ,  N N M M M M

are normal and tangential forces, bending and torsional 
moments [6], respectively, 1 2,    are curvilinear 

coordinates of midsurface points, 1 2, H H  are Lame 

parameters, 1 2, R R  are Principal radii of curvature of the 

median surface, 1 2, , nq q q  are Components of the external 

load in the directions of the axes and 1 2,    are the 

external normal. 
For natural vibrations and the seal design, instead of 

the external load components, inertia forces should be 
introduced into the equilibrium equations:  
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where, ρ is density and t are period. 
For the conical part of the seal (Figure 1):

 

1 2 1 2 1 2;   ;  1;  cos ;  ;  
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       (4)  

Let us represent the displacement and force factors 
included in the equilibrium equations as a sum of static and 
dynamic components: 

0 2 0 0
11 11 11;  ;  ; u u W v v v W W W N N N          (5)       

where, the index “0” denotes the components of the initia; 
stress-strain state of (thermoelastic) equilibrium and 
equilibrium under the action of static stress and the dashed 
line denotes the components of additional displacements 
and forces arising in the process of small oscillations near 
the position of static equilibrium [8]. Let us consider the 
oscillations of the axisymmetric temperature field and also 
the asymmetrically loaded conical form respecting seal 
about hydraulic cylinders characterized by system. If so, 
static deformation concerning seal’s axisymmetric, so: 

0 0 0 0 0
1 2 2 1 22 1 1 2 0v N N M M Q       (6) 

Using Equation (4), we obtain from general Equation 
(1) the equations for the conical shape of the seal. 
Considering the displacements and their derivatives as 
small quantities and taking into account that force factors 
are expressed in terms of displacements, we neglect in the 
equations the terms containing more than two factors 
depending on the displacements. Substituting Equation (5) 
into them, taking into account Equation (6) and excluding 
the terms, which include two factors with primes, we 
obtain a system of equations, which decomposes into a 
system of equations describing a static axisymmetric 
deformation. 
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and a system of equations describing small oscillations 
around static equilibrium (perturbed motion equations), 
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Using the usual relation of the Linear theory of the 
conical shape of the seal between deformations and 
displacements, equations for force factors and 
thermoelectricity relations, we obtain equations in 
displacements for the forces and moments included in the 
equilibrium equations in the case of a linear change in 
temperature along the thickness: 
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We also give an equation for the shear force 1Q  

necessary for setting the boundary conditions: 
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In Equations (9) and (10) 
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where,    ,  v nT S T S  are respectively, the temperature of 

the outer and inner surface;  is linear expansion 
coefficient [5]. Introducing dimensionless parameters: 
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Taking into account Equation (5) in Equation (9), we 
divide the force factors into static and dynamic. 
Substituting them into systems of Equations (7) and (8), 
respectively, neglecting nonlinear terms in Equation (7) 
and passing to a dimensionless form, we obtain two 
systems of equations in displacements: 
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 Oscillation equation: 
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In differential Equation (15), the following operator 
notation is introduced to shorten the notation: 

 
   

 
   

 
   

;  

 

ijk ijk ijk ijkj k j k

ijk ijk j k

j k j k
A a B b

x x
j k

C c
x

 



   
 

   
 


 

 (16)  

 

The sign index i corresponds to the parameters ijka , 

ijkb  and ijkc  are coefficients depending in the general 

case on the initial stress state. 
 Equations for these coefficients: 
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Let us consider problem related to natural oscillations, 
considering static forces and deformation to be known. [7] 
Using expansions: 
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In Equations (19) and (20) n is the number of waves in 
the circumferential stress; angular natural frequency; K is 
dimensionless frequency related to the frequency ω by 
Equation (21):  

2
2 2 2
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K l
E
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The solution of system (20) must satisfy the boundary 
conditions. At the circular end, a conical seal in most 
practically important cases, they are determined with the 
help regarding four equations: 
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Using conditions (19), Equations (9) and (10), relation 
(5), (12) and stand (19), it is easy to obtain boundary 
conditions for any variant of fixing the ends of the conical 
seal [2]. Let us write down in terms of displacements the 
most typical boundary conditions for the vibration 
problem (20): 
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Note that similarly, we can achieve equations related to 
cylindrical section concerning seal (cylindrical conical 
seal). If dimensionless quantities are introduced for the 
cylindrical section of a composite seal, 
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length, R is radius pertained to cylindrical segment. [3] 
Natural frequencies can be evaluated considering 

vibration modes by the thermal action of the conical seal 
structure, described by structure respecting Equations (20) 
by border states (23)-(25), was solved numerically by 
reducing border rate issue to superposition respecting 
Cauchy problem [4]. To solve the latter, the standart 
procedure of the Runge-Kutta method was used. 
Previously differential equations were reduced to normal 
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    (28)  

Looking for a singular result y(x) concerning border 
rate issue of Equations (26) and (28) in the form: 

   
4

1
j j

j

z L z xy


  (29)  

where,   1, 2, 3, 4jz x j   are direct unconventional 

results related to four auxiliary Cauchy problems 
considering homogeneous equation structure (26), initial 
conditions which must satisfy the four left boundary states 
specified for x=λ. 

The direct evaluation related to the issue in this form 
as is well known, unstable. Achieving fixed numerical 
solution, the method by S.K. Godunov [1] was used. In this 
case, the solution interval λ<x<1 was divided by points 
x=xs into the required number of smaller intervals. After 
numerical integration on the next section 1s sx x x   at 

points sx  the resulting vector functions were normalized,  

  1, 2, 3, 4kz k  ,  11 1 1,z z  ; 1
1

11

  
z

z


  

 ,kj k jz z  ; k=2, 3, 4 

1
2

1

, ;  2, 3, 4
k

kk k k kj
j

z z k 
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1

1

1
; 2, 3, 4 

k

k k kj j
kk j

z z z k






 
   
 
 

  (30) 

The solution obtained at the first end of the interval (x=1): 

     
4

1

1 N N
j j

j

y C Z


   (31) 

must satisfy the boundary conditions (28) at x=1, which 

lead to  N
jC : 

 
4

1

0  ,  1, 2, 3, 4N
ik k

j

C i


   (32) 

Where indicated: 

   
8

1

1

1ik ij ki
j

d z


   (33)  

 For   kiz the first index corresponds to vector-

functions according to auxiliary Cauchy problem zk, and 
the second-vector component. Finding such values 
appropriate to parameter =*, for which the determinant 
of system (32) is equal to zero: 

   det 0ik      (34) 

Value =* is the natural frequencies of the conical 
shape of the hydraulic cylinder seal under consideration. 
In practice, the search procedure* reduces to multiple for 
different. To calculate the waveforms corresponding to the 
found value =*, from the system of Equation (32) up to 
an arbitrary constant C0 define a constant Cj. Assuming, 
for example C4=C0 and discarding the fourth equation:  

 
3

0 4
1

 ,  1, 2, 3N
ik ik

j

C C i 


    (35)  

After defining Cj at the right end of the interval (at х=1) 

value  s
jC at all points sx x  can be determined in the 

backtracking process from the recurrence relations: 
   1 1Ω s ssC C   (36) 

where, Ω is triangular matrix, composed of 
orthogonalizing coefficients  ik  (30). The solution of the 

problem at points sx x  we build according to (29): 

     
4

1

 s
s j j s

j

y x C Z x


   (37) 

The numerical result regarding issue proposed method 
was done on a computer, while the number of 
orthogonalization points N in the considered examples was 
taken 20-40. In this case, the solution time required to 
obtain Δ(ω) for one arbitrary value of ω (one step along ω) 
is 5-15 seconds. If the task was to determine only natural 
frequencies, then there was no need to store information 
for intermediate orthogonalization points. When 
determining the modes of oscillations corresponding to the 
found values * , into machine memory matrices were 

written   Ω s  and vectors    1, 2, 3, 4S
jZ j   in each of N 

orthogonalization points (s= 0, 1, 2, …., N). In the reverse 
course, these values were used for calculations by 

Equations (36) and (37). The initial stress state was 
previously calculated from the solution of the 
thermoelectricity problem using a separate program. 

Results of this solution, specified as vectors  s
sty , written 

to external memory (s=0, 1, 2, …, M) [9]. 

When solving this problem, the values  s
sty  entered 

into Random Access Memory as an array with dimensions 
6 M.  To get values  sty x  at an arbitrary point x, the 

linear interpolation procedure was used. In the considered 
problems, the number of points M was 40 [7]. 
 

3. ANALYSIS OF RESULTS 
 

3.1. Calculation Results 

Using the described algorithm, a computer technique 
was developed that allows calculating the natural 
frequencies and vibration modes of ring seals, cylindrical 
and conical seals with various Navier boundary conditions 

for oscillation frequencies 

1

2
0

P
R

G
     

 
 closed to 

supported circular seal  0.3;   2/c Rl    oscillation 

equations which were calculated, and completely 
coincided with the forms obtained by exact analytical 
methods. 

For an O-ring pinched at the edges, the proposed 
method also gave good agreement with the exact result [2]. 
The influence of the axisymmetric initial stress-strain state 
on the natural vibration frequencies of a circular conical 
seal was studied using the example of a truncated conical 
seal with pinched edges, which is under uniform 
temperature conditions. Calculation results for 
summarization with parameters 0.005;   0.2 ; 

60 ;  0.3     as shown in Figure 2. 

 

 
 

Figure 2. The above graphics reflect the dependence of the 
dimensionless frequency 

 

The 
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2 2

min min 1

1
K l
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on the dimensionless 

temperature parameter is used in θ=αT for a different 
number of waves n in the circumferential direction. 
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4. CONCLUSIONS 
1. As a general result of the conducted research, it should 
be noted that the use of cylindrical and conical rubber 
seals in the connecting and regulating valves is one of the 
important signs in increasing the sealing effect. 
2. For ring seals, cylindrical and conical seals, the 
proposed analytical method that allows you to calculate 
natural frequencies and vibration modes with different 
boundary conditions. 
3. Given the relevant information about numerical solution 
regarding evaluations, dependence of the dimensionless 
temperature parameter E at a different number of waves in 
the circumferential voltage is obtained, which shows the 
lower frequencies correspond to the vibration forms at n=4 
and n=5. High temperature can reduce the natural 
frequencies at a high rate. At =* the lowest frequency 
becomes zero, which corresponds to the loss of stability. 
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